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Abstract

We study a problem of finding good approximations to Euler’s constant v = lim,,_,c0 Sy, where
Sn =D ry %—log(n—kl), by linear forms in logarithms and harmonic numbers. In 1995, C. Elsner
showed that slow convergence of the sequence S, can be significantly improved if 5, is replaced
by linear combinations of .S,, with integer coefficients. In this paper, considering more general
linear transformations of the sequence .5,, we establish new accelerating convergence formulae for

~. Our estimates sharpen and generalize recent Elsner’s, Rivoal’s and author’s results.
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1. INTRODUCTION

Let o > 0 be a real number and
> 1 E+a+1
o= — -1 _ .
=3 (e e ()

We denote the partial sum of the above series by

n

-5 (et (1227

M) W
= ]H_—a—log(oz—kn—i-l)—i-log(a—kl)
k=1
and S, := 5,(0). It easily follows (see [12, formula (2)]) that
. IMla+1)
nh_)ngo Sp(a) = Tt +logla+1) = —¢(a+1) +log(a+ 1),

where () is the logarithmic derivative of the gamma function (or the digamma function) and

therefore,
Yo = log(a + 1) — (o + 1),

In particular, v = —¢(1) = = 0.577215..., where ~ is Euler’s constant. It is well-known that

the sequence S, slowly converges to the Euler constant « (see, for details, [7])
y=5,+0(n™).

In 1995, Elsner [1] found out that « can be approximated by linear combinations of partial sums

(1) with integer coefficients

" E+n+71-1 1
- _1<">( )s c|<——r—  rmneN
Y kZ:O( ) k kar—1 ktr—1| = 2n7'(":7) T

(2)

and this inequality exhibits geometric convergence if 7 = O(n). Formulas (2) for 7 > n were
generalized by Rivoal in [10], where, in particular, it was shown that

1

n

1 wan (T (2K + 2n
’Y—Z—nz:(—l)Jr <k>< " >S2k+n

k=0

Another such kind of formula

_ n _ k4n n n+k o 1
! kzzo( Y <k>< k )S’“+”‘4n+o<n>’ e

was proved in [6]. Recently, C. Elsner [2] presented a two-parametric series transformation of the

sequence Sj,

®) S () (T sk

k=0
converging more rapidly to v, when 7 > 71 + 1 and n increases, than in the case 70 = 7 + 1

considered in (2).



In this paper, we consider a more general series transformation of the type
N

n!. . ngy! Nak [N\ (rk+n1+m rk -+ Ny, + T,
4 P Tl NPy Spiim
( ) N'TN k_o( ) k ny Nom, rk—+7o
with ny,...,nym € N, 70,71,...,7m € Ng, and N = Z;n:l nj, and give new accelerating conver-

gence formulae for Euler’s constant 7. In particular, we show (see Theorem 2 and Corollary 1
below) that if 71, 79 are linear functions of n, then the sum (3) converges to 7 at the least geomet-
ric rate and represents the best approximation in the set of all the sums (3) with a fixed value of

lim 75/n, provided that lim 2(re —7)/n = 1.
2. STATEMENT OF THE MAIN RESULTS
As usual, we denote the Gauss hypergeometric function (see, for details, [9]) by
a,b (a)y(b)y
F = g
(")) Z%w@» |
where (\), is the Pochhammer symbol (or the shifted factorial) defined by

P()\—i—u)_{l, v =0;

M= o T A0+ 1) 1), veN.

We then prove the following theorems:

Theorem 1. Let ny,...,nym €N, 70,71,...,7m € No, 0 < 79 — 7y < Ny, Ny + Toe 2> 0 + 75,
j=1,....m—1, and N = E " nj. Then

N(= 1)k rk+mni+mn rk 4 nm + T
nl .M, | /7 Z < > < ny ’ N, ST’k:-i—T()
m 1 1
(5) _ H Nm + Tm — // x”m+Tm T)Ntnm—l—Tm—To(l _ t)To—me(t)
= (1 —t+ at)rm+l
B 0 0

xit dxdt7
1—t+at
where
1

6 t) =
(6) w(t) t(log?(1/t — 1) 4+ 72)
and Qum(y) is a polynomial of degree N — ny,, given by the formula

ni NMm—-1 m—1 (—TL) (1 o
ki + Ny + T Tj+1)k1+...+k- k.
(7) Quy)=) ... e Ly
m ]gz:o km§1::0j1;[1 kj!(1+nm+7'm—nj _Tj)kl—i—...—i—kj

ifm>2, and Q1(y) = 1.

Theorem 2. Let b,c,r € N, a € Ny, 0 <b—a <c. Then forn € N we have

o <bf (c+a—Db)To(b— a)b_“>n
(

1 en) [Tk + (a+c)n
® |- () )k <
ren kzo k cn * b+ cr)etr

(Here and throughout the paper 0° is treated as 1.)
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If b, ¢, r are fixed, then the minimum of the right-hand side of (8) is attained when b —a = ¢/2

and in this case we have

Corollary 1. Let b,c,r,n € N and b > c. Then

2cn
1 i 2en) [Tk + (b+c)n
T WZ(_U < k >< 2cn )Srk%n

k=0

b£C2C "
<|—] .
(b4 2cr)%etr
Theorem 3. Let b,c,r € N, a € Ny and 0 < b — a < ¢. Then for any positive integer n > 2/c

one has

- S () (T

b (¢ + a — b)rab(b —a)b=a) "
<ecn 5 .
(b+ 2cr)*ets

By the similar argument as above putting a = b—c¢/2 we get a sharper bound than in Corollary

Corollary 2. Letb,c,r,n € N, 2b > ¢, and c is even. Then

e S () s

k=0

b£C2c "
<cn =] .
2¢(b 4 2¢cr)?tr

For example, setting b = ¢ = 4,7 = 1 we get the following estimate:

Corollary 3. For any positive integer n one has

9 8n

(4n)! L (81 [k +6n\° 4n n
— -1 S ————— < 4n(0.00000012)".
77 @) ;;)( Uk ) an ) S| < gy < 40 )
Theorem 4. Letni,...,ny, €N, 79,71, ..., 7 € No, 0 < 70—T0 < Ny N+ 2> Tj41 > 0+,

j=1,...,m—1, andN:z;”’:lnj, Then
N! (=) f:(_l)k N\ (rk4+ni+ 1 Tk + Nm, + Tim s
Tll! . nm! 7 — k ni Mm Tt

11
Ko o Nm+Tm (1 _ " \Ngnm+Tm—T0 (1 _ $\70—Tm
< H(nm—i-Tm 7'])//3: (1—2a")Nt (1—1) w(t) ddt.
o n;
J=1 00

(1 — &+ at)mtl

Setting 7541 =nj;+7;+1,5=1,...,m — 1, in Theorem 4 we get



Corollary 4. Letni,...,nm €N, 19,71 € No, N =371 nj, and N —npm+71 +(m—1) <79 <
N+711+ (m—1). Then

ni!. . ngy! N( 1)k N
T NN & k

-1

Il

(rk:+n1+...+nj+n+j—1>
Srk-i—'ro
j=1

j

3

N+

<
- njg1+...+npm+m-—j

—

1

j:
1l $N+T1+m—1(1 _ :L,T)NtN—l—Tl-‘,-m—l—To(l _ t)TO+nm_N—T1_m+1w(t)
// dxdt
rN(1 —t + at)nm+l
00
Theorem 5. Let m,cy,...,cm,7,0,n € N, a € Ny, C = Z;”:lcj, and a — ¢y < b—c<a. Then
L et (enn)! i( 1)k<0n> ﬁ <rk+(a+cl T Ly 1)
o 1(—\C o .
(Cn)l(—r)cn — k i cn
b n
_[brCC(C +a— bt e, +b—a— C)emtbmeC
X Srk-i—bn-‘,—m < M(C) ( ) ( i O+ b ) 5
b+ Cr)¢tr
where M () < O™~ is some constant depending only on cy, ..., Cn.
Consider several illustrative examples of Theorem 5. Taking ¢; = ... = ¢, = 2¢, C = 2me,

b=2mc, a=c, c €N, we get

Corollary 5. Let ¢,m,r € N. Then for any positive integer n one has

eI 2§n(_1)k 2men)\ (rk + 3cn + 1\ (rk + 5en + 2
7 (2men)lp2men k 2cn 2cn o

k=0
rk+ (2m+1)en +m g m™ 1 !
" 2em rismet | = G D ge(r 4 1)2mer 5
Setting ¢1 = ... = ¢, = 2¢, C =2me, b= (2m — 1)¢, a = 2¢, ¢ € N, we get

Corollary 6. Let c,m,r € N. Then for any positive integer n one has

2men m . .
(2cn)!I™ L [ 2men rk + 2jen + j
T W Z (_1) L H 2%n Srk-l—(?m—l)cn—l—m

k=0 j=1
(2m—1)c n
<M 4 (1= gy)
_ (2m—1)c
(m 1) (T_'_ 1— ﬁ)2mc+—r

3. ANALYTICAL CONSTRUCTION

We define the generalized Legendre polynomial by A(x) = zg:o Az with

N\ (rk+ni+T rk -+ Ny, + T,
Ak:(—l)k+N<k>< nll 1>< . >
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Lemma 1. There holds

N N
Proof. For the proof, let
B N! (rt = m1 — 71)ny (1t —n2 — T2)ny - . (Tt — Ny — T )y,
R(t) =
il tt+1)...(t+ N)

Such rational functions were considered earlier by the authors [4], [5] to derive explicit Padé
approximations of the first and second kinds for polylogarithmic functions. As it is easily seen

the rational function R(t) has the following partial-fraction expansion:

Ay,
RO=2 7
k=0
from which it follows that

ZAk—Z resR :—resR() LTN O

nl'nm'

1
1 1
I{a) := Tote 4 d
() /0 x (ac)(l_x—i-logw) x
Lemma 2. There holds the equality

Put

NN
I(a) = "Ya ZAkSrk—i-To( )-

nil... .oy prd
1 1 ol
+ :/ T,
11—z logx o 1—=x

1 1 rk-i—m-i—oz 1 ot
= / / 3:70+°‘A(:L") dtd:n = ZAk/ / z) dxdt.
o Jo

~1in a geometric series and applying Lemma 1 we find

Proof. Substituting

we get

Expanding (1 — x)

N oo 1,1
:ZAkZ / / grktrotite ) _ by dedt
0o Jo
f; f;/ ! _ ! "
o \rk+m+l+a+1 rk+m+t+l+a+1l

k_
°°< <rk+7’o+l+a+1>>
TS ] (s S——
— rk+7’o+l+a rk+ 10+ +«

NN
:m% kZOAkSrker() O

Yo = Srktro (@)

N
k=
N
k=
Next, we con81der two differential operators

S’r,n(f(x)) — (_1)nw—r (x”+Tf(ac))(n) 7

n!

T (@) = ™ (o ()"
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where 7 is a real number and n is a non-negative integer. We show that S-, and 7T ,, are adjoint

operators in some sense.

Lemma 3. Suppose that f(x) is a polynomial vanishing at x = 1 with order at least n and
g(x) € C>=(0,1) N LY(0,1) satisfies the following boundary conditions:
li1]0[1+ 2'gD(2) = linll (1—z)g" D) =0

for all 1 <1 <n. Then we have

1 1
/ S, (@) - glx) do = / (@) - Tron(g() da.
0 0

Proof. The proof is analogous to the proof of Lemma 3.1 [3]. O

Lemma 4. There holds

l’TOJ'_a
// 1 — J} Tm 1,Mm— 1©...0 T7'17n10 T‘mem <m> dxdt

with the weight function w(t) defined in (6).

Proof. Applying the following representation introduced by Prévost [8]:

1 1 L w(t)
= —dt
1—x+10gx /0 1-(1-2)t 7

/ / T A(x) dtdx.

As it easily follows the polynomial A(z) can be ertten in the form

we have

A(x) = S0 S5m0 - 0S5 ((1 - xr)N) .

Since A(x) is symmetric in pairs (7j,n;) and does not depend on the order of differential operators

S,

,n;, it 1s convenient for the sequel to be written as

A(x) = St im© S 01 © 08 npm ((1 - xr)N) .

Now by Fubini’s theorem and Lemma 3, we get the desired equality. O

We also need the following simple lemma, which will be used for estimation purposes.

Lemma 5. Let a,b,c,d,r,s € R, r,5,d >0, andb+d>a+c>b>0. Then the function
pote(1 — " sctc—i-a—b 1—+¢ b+d—c—a
O AN A

(1 —t+at)

attains its mazimum in [0,1] x [0,1] at the unique point

S b B . ct+a—>
" \b+ser) O cFa—bt+zbb+d—a—c)
and \
br (ser)s(c 4+ a — b)eTeb(b+ d — q — ¢)bTd—a—c
e (1) = flao, to) = L) i Ch a2k
0<z,t<1 dd(b—|— SCT)SC+T'




4. PROOF OF THEOREM 1

Lemma 6. Let xz,t € (0,1), 7o, N, Tm € No, and 7, < 70 < Ny, + 7. Then

< 270 ) B ( 1)nm xnm‘l’Tmtnm‘l'Tm_TO (t _ 1)To—Tm
T — (—

s (1-a)t (1— (1—z)t)ymmtl

Tm,Tm

Proof. Clearly,

270 phmtTm [ pTo—Tm O\ (Mm)
Trun <1—t+xt>: T <1—t+xt> '
Decomposing the fraction 7= +"; into the sum
7o Tm t—1\"""™ 1
Toiga POt (T) T—ttat

where p(x) is a polynomial of degree not exceeding 79 — 7,,, — 1, and differentiating it n,, times,

we get the required statement. O

Lemma 7. Under the hypothesis of Theorem 1 one has

70
TTmflynmfl ©...0 TTl,”l o TTm,”m (m) = (_1)nm

(9) » ﬁ Nom, + T, — Tj ;Un'rrL"l‘T'rntnm‘i‘Tm_TO (t _ 1)7'0_7—m Q xt
n; (1 —t+ at)rmt! "\l —t+at)’

j=1

where the polynomial Q.,(y) is defined in (7).

Proof. If m = 1, then (9) easily follows by Lemma 6. Suppose m > 2. Then consecutive
calculation of the n;th derivatives with respect to x by Leibniz’ rule for j = 1,2,...,m —1

ij+’ij thnm‘l’Tm‘l’k—Tj (nj) - N, + T — Tj xTLm+Tm
nil \ (1 —t+ at)rmtitk B n; (1—t+at)rmtl

% HZJ (_ ])k) (nm“‘l)k-i-k (1+nm+7_m—7'])k ( Tt >k+kj
kaokl(nm—i-l) k(14 N+ T — Tj — ) jgk; \1 —t+ 2t
readily leads to the formula (9). O

Now Theorem 1 easily follows from Lemmas 4 and 7.

5. PROOF OF THEOREM 2

If we put m =1,n1 =cn, 7, = an, 79 = bn,n € N, in Theorem 1, we get

cn

1 kten €0 (7K + (a4 c)n
Y= T’E Z(_l) ( Lk > < cn Srk-‘rbn

r cn g, (a+c)ns(cta—b)n t)(b—a)n
< / / : T gy

1—t+ xt)cn+1

n
< — < max_f(x t) / / ————dtdx < max f(x,t))
ren \ 0<gz,t<1 1— t —|— xt TC" 0<z,t<1

JZU’+C(1 _ .Z'T)th+a_b(1 _ t)b—a

(1 —t+at)
8

with

f($>t) =



Here we used the fact (see [8, formula 2.6]) that

NG
v = + dx.
o \logz 1—=z

Now, since v < 1, by Lemma 5 with s = 1,d = ¢, the theorem follows. O

6. PROOFS OF THEOREMS 3 AND 4

To estimate the speed of convergence of quantities (4) to v as N — oo we need an upper bound
for the polynomial @,,(y). In some situations it is possible to get suitable estimations.
First, we consider the case m = 2, n; = ng, 71 = 7. Then by Theorem 1, we get

2n1 2
(2n1)! r2m g (2n1 (Tk4+n1+ 7
B () (s

k=0

B /1 /1 xn1+7’1(1 _ xT)2n1tn1+T1—To (t _ l)TO_le(t)

with y = #t/(1 — t + «t). The polynomial

- 1 1 /d\™
o= (1) =k () ()

is a shifted Legendre polynomial P,, (u) formally identified as follows:

I:=

|Qa(y)| dzdt

Qa(y) = Py (1 = 2y).
By the well-known inequality (see [11, p.162])
[P (u)l <1, —1<u<l,

it follows that

1 1 ,.ni+71 1— 2" 2n1tn1+7'1—7'0 1 — )0~ T (¢
IS//w (1—a") A-t)°"w) o
o Jo (1 —t+ axt)ym+l

Now, setting n1 =cn, 71 = an, 19 = bn with ¢,b € N, a € Ny, and 0 < b — a < ¢, we get

O | G At

((en)h)? prt cn

r s )

0<z,t<1
where
xc—l—a 1— " 2cta+c—b 1—¢ b—a
g - £
(1—t+at)
By Lemma 5, the function f(z,t) takes its maximum in [0, 1] x [0, 1] at the unique point (xg, t),
at which

br (der?)(c + a — b)°+a=b(h — q)b—C

f(zo,to) =
(b+ 207“)204'%

Since for any positive integer n > 2
n)?  n
<
T@n)l =
Theorem 3 follows. U

Another interesting case is described by the following lemma.
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Lemma 8. Let nq,...,nym € N, 79,71,...,7 € No, and np, + 7, > 741 > nj + 75, J =
1,...,m —1. Then

-1
(N + T — nj — 75)!

]1;[1 nm + T —T]+1)'(Tj+1 —n; —Tj — 1)'

X

(10)

1m
. M +Tm —T . e
/ / 1—yuj 1) T — )T g L dug, .

Moreover, 0 < Qm(y) <1 fory e 0,1].

Proof. Denoting the integral on the right-hand side of (10) by J and substituting

m—1 Nm—-1 m— 1 n] k; yk ukl"l‘ +k
[T = yujujer . umn)™ = Z >, H ’
j=1 km—1=0 j=1

we get

nmlml

1

J

7 Z Z H ”Jky /u§1+...+kj+nm+7'm—‘rj+1x
0

k1=0 km-1=0 j=1

Nm—-1 m— 1

(1 o uJ)TJ+1 n;j—Tj— 1duj Z Z H nj kj y k;

k1=0 km—1=0 j=1
F(k‘l—l—...—l—k’j+7’Lm—|—Tm+1—Tj+1)F(Tj+1—’I’Lj—Tj)

T(ki+...+kj+nm +Tm+1—nj — 7))
1
_ T T+ 0+ T — 7j41) 0 (101 — 0y — Tj)
i L1+ 1y + 7 — 0y —TJ)

Z Z 1:[ (=1)k; (14 Mo+ Ton = T 1)y otk e
o LB A+ T = g = Tk

N + T — Tj—l—l)!(Tj—l—l —Ng —Tj — 1)!
(N + Ty, — nj — 75)!

Qm(y)-

The inequality 0 < Q. (y) < 1 for y € [0,1] easily follows from the integral representation
(10). O

Now, Theorem 4 is a consequence of Theorem 1 and Lemma 8.

7. PROOF OF THEOREM 5

Setting nj =¢cjn, j=1,...,m, C = Z;nzl cj, 1 = an+ 1, 79 = bn + m in Corollary 4 we get

that the absolute value Of the remainder is less than
C+a n+m _ xr)Cnt(C’—i-a—b)n(l _ t)(b—l—cm—C'—a)nw(t)

(1 —t + at)emntl

dxdt

with some constant M ( < O™~ since

Cn+ <ol
(Cjg1+ ...+ emn+m—j
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Denoting

xC—I—a(l _ xr)CtC—i-a—b(l _ t)b—l—cm—C—a
(1 —t +at)em

f($7t) =

and applying Lemma 5 with s = 1,d = ¢,,,, we conclude the theorem. O
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