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In this paper, we use the following standard notation: Z is the ring of integers, Q and Q are the fields
of rational and algebraic numbers, respectively, ϕ(q) is the Euler function, and ω(q) is the number of
different prime divisors of a number q.

In the 1960s, Erdős put forward the following conjecture [1, p. 430], which has not been either proved
or disproved: for any natural number q and any arbitrary numerical function f(n) with period q
taking the values +1, −1 for n = 1, 2, . . . , q − 1 and 0 for n = q, the sum of the convergent series

S =
∞∑

n=1

f(n)
n

is nonzero. Note that the necessary and sufficient condition for the convergence of the series is the
equality

q∑

n=1

f(n) =
q−1∑

n=1

f(n) = 0,

implying that q is odd.
In 1969, Chowla posed the question of the existence of a periodic function g : Z → Q with simple

period q for which
∞∑

n=1

g(n)
n

= 0.

A negative answer to this and even a more general question was given by Baker, Birch, and Wirsing
in [2]. They proved that if a q-periodic, function g : Z → Q, not identically zero, satisfies the following
conditions:

1) g(r) = 0 for 1 < (r, q) < q;

2) the circular polynomial Φq is irreducible over Q(g(1), . . . , g(q)), then the sum of the convergent
series

∑∞
n=1 g(n)/n is nonzero.

In 1982, Okada [3], using [2], stated a theorem describing all q-periodic functions g : Z → Q

for which
∑∞

n=1 g(n)/n = 0 under the condition that the circular polynomial Φq is irreducible over
Q(g(1), . . . , g(q)). The system of ϕ(q) + ω(q) homogeneous linear equations with rational coefficients in
the unknowns g(1), . . . , g(q) provides such a criterion. Using this criterion, a partial positive answer was
given in [3] to the Erdös conjecture that the sum S is nonzero if 2ϕ(q) ≥ q, i.e., for all natural numbers q
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such that ω(q) ≤ 2. Using [3], Tijdeman [4] proved the Erdös conjecture for all multiplicative functions f .
Okada’s result was improved by Saradha in [5], who showed that S is nonzero if 2ϕ(q) ≥ q(1 − 1/h),
where

h = max
1≤i≤k

(pti
i ) and q = pt1

1 · · · ptk
k .

The question of the validity of the Erdös conjecture for ω(q) = 3 and 4 was studied in the same paper.
Note that if g is a q-periodic function, then the sum of the convergent series

∞∑

n=1

g(n)/n

can be expressed as
∞∑

n=1

g(n)
n

=
∞∑

k=0

q∑

p=1

g(p)
qk + p

=
∞∑

k=0

q∑

p=2

g(p)
(

1
kq + p

− 1
kq + 1

)

=
1
q

q∑

p=2

g(p)
(

ψ

(
1
q

)
− ψ

(
p

q

))
=

−1
q

q∑

p=1

g(p)ψ
(

p

q

)
, (1)

where

ψ(z) =
d

dz
log Γ(z) = −γ +

∞∑

n=0

(
1

n + 1
− 1

n + z

)

is of the logarithmic derivative of the gamma function and γ = −ψ(1) is the Euler constant. It readily
follows from expression (1) that the Erdös conjecture is equivalent to the following statement: any
linear combination of the form

q−1∑

p=1

(±1)ψ
(

p

q

)
, where q is an odd number,

is nonzero. In contrast to this statement, the existence of a similar linear combination for an even q

36∑

p=1

(±1)ψ
(

p

36

)
= 0

was recently, proved by Tengely [6]. More precisely, he proved the following theorem.

Theorem 1. There exists a function f : N → {−1, 1} with period 36 for which
∞∑

n=1

f(n)
n

= 0.

Tengely’s proof is based on an extensive computer experiment and the finding of the following
function:

f(n) = 1,−1,−1,−1,−1, 1, 1, 1,−1, 1,−1,−1, 1,−1, 1,−1,−1,
1, 1, 1,−1, 1,−1,−1, 1,−1,−1,−1,−1, 1, 1, 1, 1, 1,−1, 1

for n = 1, 2, . . . , 36, which satisfies Okada’s criterion [3, Theorem 10]. Besides, he also showed that 36
is the minimal period of the function f , appearing in the theorem.

Here we present another elementary proof of Theorem 1 based on the following functional relation for
the logarithmic derivative of the gamma function [7, Sec. 1.7.1]:

ψ(mz) =
1
m

m−1∑

r=0

ψ

(
z +

r

m

)
+ log m. (2)
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Proof of Theorem 1. Consider relation (2) for m = 6:

6ψ(6z) =
5∑

r=0

ψ

(
z +

r

6

)
+ 6 log 6. (3)

Taking the difference of two identities obtained from (3) under the substitutions z = 1/36 and z = 5/36,
we find

5∑

r=0

(
ψ

(
1 + 6r

36

)
− ψ

(
5 + 6r

36

))
= 6ψ

(
1
6

)
− 6ψ

(
5
6

)
. (4)

Treating relation (2) for m = 3 and successively substituting z = 1/18 and z = 5/18, we obtain

3ψ
(

1
6

)
− 3ψ

(
5
6

)
=

2∑

r=0

(
ψ

(
1 + 6r

18

)
− ψ

(
5 + 6r

18

))
. (5)

Similarly, for m = 2, z = 1/12, and z = 5/12, from (2) we find

2ψ
(

1
6

)
− 2ψ

(
5
6

)
=

1∑

r=0

(
ψ

(
1 + 6r

12

)
− ψ

(
5 + 6r

12

))
. (6)

Finally, from (4)–(6) we obtain

5∑

r=0

(
ψ

(
1 + 6r

36

)
− ψ

(
5 + 6r

36

))

=
2∑

r=0

(
ψ

(
1 + 6r

18

)
− ψ

(
5 + 6r

18

))

+
1∑

r=0

(
ψ

(
1 + 6r

12

)
− ψ

(
5 + 6r

12

))
+ ψ

(
1
6

)
− ψ

(
5
6

)
. (7)

Further, for m = 2, z = 1/6, and z = 1/3, from (2) we find

3ψ
(

1
3

)
− 3ψ

(
2
3

)
= ψ

(
1
6

)
− ψ

(
5
6

)
. (8)

On the other hand, substituting m = 3, z = 1/9, and z = 2/9 into (2), we can write

3ψ
(

1
3

)
− 3ψ

(
2
3

)
=

2∑

r=0

(
ψ

(
1 + 3r

9

)
− ψ

(
2 + 3r

9

))
. (9)

Therefore, in view of (8), (9), we can rewrite (7) as

5∑

r=0

(
ψ

(
1 + 6r

36

)
− ψ

(
5 + 6r

36

))
+

2∑

r=0

(
ψ

(
5 + 6r

18

)
− ψ

(
1 + 6r

18

))

+
1∑

r=0

(
ψ

(
5 + 6r

12

)
− ψ

(
1 + 6r

12

))
+

2∑

r=0

(
ψ

(
2 + 3r

9

)
− ψ

(
1 + 3r

9

))
= 0. (10)

Using the following nontrivial zero linear combination of the form:

ψ(1) − ψ

(
1
3

)
− ψ

(
2
3

)
− ψ

(
1
4

)
− ψ

(
3
4

)
+ ψ

(
1
2

)
+ ψ

(
1
6

)
+ ψ

(
5
6

)
= 0,
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which can be obtained from (2) under an appropriate choice of m = 2, z = 1/4, z = 1/2 and m = 3,
z = 1/3, z = 1/6, and adding it to (10), we obtain the required identity

5∑

r=0

(
ψ

(
1 + 6r

36

)
− ψ

(
5 + 6r

36

))
+

2∑

r=0

(
ψ

(
5 + 6r

18

)
− ψ

(
1 + 6r

18

))

+
1∑

r=0

(
ψ

(
5 + 6r

12

)
− ψ

(
1 + 6r

12

))
+

2∑

r=0

(
ψ

(
2 + 3r

9

)
− ψ

(
1 + 3r

9

))

+ ψ

(
1
6

)
+ ψ

(
5
6

)
− ψ

(
1
4

)
− ψ

(
3
4

)
− ψ

(
1
3

)
− ψ

(
2
3

)
+ ψ

(
1
2

)
+ ψ(1) = 0.

In conclusion, note that, as shown in [8, Theorem 1], all the infinite nonzero sums examined in the
present paper are transcendental numbers, which also easily follows from expression (1), the Gauss
formula for the logarithmic derivative of the gamma function [9, Sec. 1.2, p. 14]

ψ

(
p

q

)
= −γ − log q +

q−1∑

k=1

ω−kp log(1 − ωk), where p, q ∈ Z, 0 < p < q, ω = e2πi/q,

and Baker’s theory of linear forms in the logarithms of algebraic numbers.

ACKNOWLEDGMENTS

This work was supported by the Institute for Studies in Theoretical Physics and Mathematics (grants
no. 86110020 (the first author) and no. 86110025 (the second author)).

REFERENCES
1. A. E. Livingston, Canad. Math. Bull. 8, 413 (1965).
2. A. Baker, B. J. Birch, and E. A. Wirsing, J. Number Theory 5 (3), 224 (1973).
3. T. Okada, Acta Arith. 40 (2), 143 (1982).
4. R. Tijdeman, in Number Theory for the Millennium (Peters, Natick, MA, 2002), Vol. III, pp. 261–284.
5. N. Saradha, in Riemann Zeta Function and Related Themes, Proceedings of the confer-

ence in honour of K. Ramachandra (Ramanujan Math. Soc., 2006), Vol. 2, pp. 121–129;
http://www.math.tifr.res.in/˜saradha/papers.html. .

6. R. Tijdeman, in More Sets, Graphs, and Numbers, Bolyai Soc. Math. Stud. (Springer, Berlin, 2006),
Vol. 15, pp. 381–405; http://www.math.leidenuniv.nl/˜tijdeman/tijbud.ps. .

7. A. Erdelyi, W. Magnus, F. Oberhettinger, and G. F. Tricomi, Higher Transcendental Functions (McGraw-
Hill, New York, 1953), Vol. 1.

8. S. D. Adhikari, N. Saradha, T. N. Shorey, and R. Tijdeman, Indag. Math. (N. S.) 12 (1), 1 (2001).
9. G. E. Andrews, R. Askey, and R. Roy, Special Functions, in Encyclopedia of Mathematics and Its

Applications (Cambridge Univ. Press, Cambridge, 1999), Vol. 71.

MATHEMATICAL NOTES Vol. 83 No. 2 2008



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


