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Abstract—

Using Hermite-Padé approximations of the second kind, we prove a lower estimate for the
absolute value of a linear form with integer coefficients in values of polylogarithmic functions
at a rational point. The estimate takes account of all coefficients of the linear form:.
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Consider the polylogarithmic functions

oo z”
Lk(z)zzy—k, E>1, |2/ <1 (1)
v=1

Using Hermite-Padé approximations of the second kind, a lower estimate for the absolute value of
a linear form with integer coefficients in values of functions (1) at a rational point is obtained in
the work. The estimate depends on all coefficients of the form.

Theorem 1. Let b€ Z, a € N, qmtiem’+mlogm |b|. Then there exists a positive constant ¢ =
c(a, b, m) > 0 such that for any integers xo, 1, ..., Ty, not all zeros, and for Tj > max(1, |zg|),
k=1,...,m, satisfying the conditions T1 > To > -+ > Ty, , the following inequality holds:

m

a 1 ——

mo-i-g $kLk<g>‘>C‘(51"'5m) 1‘3715,
k=1

where
m3 +m2logm +m? +m(m +2)log2 +m(m + 1) loga

)=
log |b| — (m +1)loga — m? —mlogm

Corollary 1. Let be Z, a € N, € >0, and

|b|5/(m+5) > am+lem2+mlogm+4m.

Then, for any non-zero collection of integers xg,x1,..., Ty and numbers Ty > max(l, |zg|),
kE=1,...,m, satisfying the conditions T1 > Ty > -+ > Ty, T1 > Xo = Xo(a,b,m) > 0, the
following inequality holds:

m
a -1 ——¢
fEO“"kaLk(g)‘ > (T1 o Tpm) T
k=1
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Dirichlet’s box principle shows that sharpening of the last inequality is possible at the expense
of the quantity & only.

A detailed history for the statement of the problem may be found in [1, Chap. 5, § 6]. Note
also that the first estimate of a linear form in the numbers e“, «; € Q, 7 = 1,...,m, which
depends on all coefficients, has been obtained by A. Baker in [2]. Such estimates for linear forms
involving values of certain concrete hypergeometric E-functions are obtained in the works [3]-
[5], and involving values of an arbitrary collection of E-functions satisfying a system of linear
differential equations of order 1, provided certain additional restrictions, is proved in the work [6].

Concerning values of G-functions, estimates of the above type are proved for only a few col-
lections of functions [7]-[11]. Theorem 1 makes more precise the result in [10]. This is achieved
thanks to application of a construction of Hermite-Padé approximations to the polylogarithmic
functions of the second kind, and not of the first kind as in the paper [10]. Note that diagonal
Hermite-Padé approximations of the second kind to the polylogarithms have been already used
in the works [12]-[14] in order to deduce irrationality results for the values of functions (1) and
lower bounds for corresponding linear forms with dependence on the maximum of the coefficients
of the form. Functional properties of matrix Hermite-Padé approximations of the polylogarithms
are studied in [15].

Let us now proceed to the proof of Theorem 1.

1. CONSTRUCTION OF APPROXIMATING FORMS

Let n1,...,n, be positive integers, ny > -+« > np,, and N =3 ng, n=(n1,...,Ny).
Define N
(=D -N' (v —=n1)n, ¥ —n2)ny - (¥ — Non ),
o) = S 1 : , 3)
nql-ny,! viv+1)---(v+ N)
where (v)o =1 and (V) =v(v+1)---(v+k-1)if k> 1.
For y=1,2,...,m consider the functions
_ (_1)#_1 - (p—1) —v
Enu(z) = e VZ:an (v)z™". (4)
Since Ry, (rv) = O(1/v) as v — oo, the series in (4) absolutely converge for z € C, |z| > 1. Denote
by Dy the least common multiple of the numbers 1,2,..., N.
Lemma 1. Forne N, y=1,2,...,m and |z| > 1, we have the equality

Buu2) = Qa(e) L (1) = Pasla) )

z
where
@n(2) € Z[2], DK,Pn’M(Z) € Z[7], deg Qn(2) = N, dean’M(z) <N-1,
and
ord,—oo Fn,u(2) > ny, + 1. (6)

Proof. Decomposing R,(v) in the sum of partial fractions we obtain

N

j : Wn ,k
Bn(v) = v+ k’

k=0
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where

Wk = B+ B)| __ = (~1)" @7) 1T (k j;j”f) 7. (7)

j=1

Therefore, by (4) we see that

33 =Y ot 3 20 =000 (1) - Pt
= = Wn k2 Qn(2) - Ly =) — Pn,u(2),
k:Ol/:l V+k k= 1/:1 V+k ?
where

N N k

Wn K
:an,kzk EZ[Z], Pn,u(z)_ Z e [Z]a (8)
k=0 k=0Il=
deg Qu(z) = N, degPau(z) <N

In accordance with inclusions (7) and
* 1
m _
D4 S €L, k=12,...N,

we conclude that D%, - P, , € Z[z].
Inequality (6) is implied by (4) and (3), and the lemma follows. [

Lemma 2. If |z| > 1, the following inequality is valid:

1Qn(2)| < (N +1) - 20mF2N| 4N

Proof. By (7) and (8), we have

= (F) () () 0

hence the required estimate follows from the inequality (Z) < 2™ valid for all £k = 0,1,...,n,
neN. O
Lemma 3. For |z| > 1 and all p=1,2,...,m, the following inequality holds:
w . mN . |z|_"u
E, <
Proof. From (4) and (6) we deduce that
1 - _ v
Bn (@] < —7 D0 BRIV 127 (10)
(p=1t, =,
where N I
Rglp—l)(y) — (M — : ) f n(g) de. (11)
216 Jje—pi=1/2 (§ — V)~
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For all integers k and complex numbers & = v + €¥/2, 0 < ¢ < 27, v € N, we see that
|+ k| = (v + k)? + (v + k) cos p + 1/4; this yields

1 1
|V+k|—§§|§+k|§|V+k|+§- (12)

Therefore, for v > 1 and n € N we have

(€=l I =11+ G6 =11+ 1) (= +n-1) < (v=3) - (13)

Furthermore, with the help of (3), (12) and (13) we deduce the estimate

N oY) (v = 12y - (v = 1/2)n,
nl-omny! (v —=1/2)(v +1/2)--- (v + N —1/2)

[Rn ()] <

on the contour of integration. Write the product in the denominator of the latter fraction as
follows:

L -l—l +N3— 1 l—i- + +
1/21/2 v 2—1/2n1 1/2n1 nm_lnm.

N! 1 m
. < .
nyl-ny,! v+ N—-1/2 " v+ N-1/2

Then

Finally, by (11) we obtain

RU-D(p)| < B D2 mY (= L2t
n - wv+N-1/2 — v+ N ’

and the statement of the lemma now follows from (10). O

Define the collection of multi-indices
nj=(n+1,....,n5+1,nj41,...,0m), j=0,1,...,m.

Consider the determinant

e R o R
st | 0 T T o
Qn,, (2) Pn, 1(z) ... Pn, m(2)

Lemma 4. We have
Ay (z) = const # 0.

Proof. Lines and columns of determinant (14) will be indexed from 0 to m. First of all, note

that the determinant is a polynomial. Further, for each j = 1, ..., m, subtract the Oth column
multiplied by L;(1/z) from the jth column of the determinant A,(z). By (5) we obtain
@n, (2) gno,l(z) gno,m(z)
sy =y | @) B Bl -
Qu(®) Bapa(z) .. Fapol2)
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Let Apn j(z), 0 < 7 < m, be the algebraic complement of the element Qn;(z) in determi-
nant (15):

Eno,l(z) Eno,m(z)
Busle) = (1P| gl )
Enm ’1(2 ) ......... Enm ’m( Z)
Then .
An(2) = (=)™ Qn;(2)An ;(2) (16)
=0

By Lemma 1 we see that

. . 1
degQn;(2) =N+j, j=0,1,...,m, An,O(z):O<m>a z — 00, (17)

0
1 .
An j(z) =0 N ) z—oo, j=1,...,m. (18)

An(z) = O(1) as z — oo, in other words, A (z) is a polynomial
). Thus, using (16), (9), (4), and (3) we obtain

N+m+ng+1

m—1
1 .
T RV (njz1+1) #0,
men )jr:[”! D(nyen+1)

and the lemma is proved. [

2. PROOF OF THEOREM 1
Let z = b/a, where the numbers a € N and b € Z satisfy the condition

b] > @™+l g mlogm, (19)

In particular, |z| > 1. Consider a form

a a
with arbitrary integer coefficients, not all zeros, and assume that the numbers 7y > max(1, |zx|),
k=1,...,m,satisfy T, > --- > T,,. Take the positive integer n; as the least number satisfying
the condition
_ m2+m 10gm am+1 ni 1
zr1-\e : < 0
' 0] 2m’

by (19) for any 7; sufficiently large, the number n; always exists. For 1 < k < m, take nj as
the least possible positive integer satisfying the condition

Ny
- . m2+m10gm L am\n | i < L
T - (e a™) <|b|) 5o

It can be easily seen that the above choice of the numbers ny ensures ny > no > -+ > n,,.
Moreover, when a and b are fixed, the three conditions Ty — oo, m; — oo and N — oo are
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equivalent. Further, in accordance with Lemma 4, there exists an index j =0, 1, ..., m depending

on n such that
b - b
mOan <_) +Zxkpnj,k<_> 7é 0. (21)
@ k=1 a
Multiply both sides of equality (20) by aN+mDﬁ+anj (b/a) and write the result in the form
N+'mD'm b /= N+mDm b i P b
a N—l—anj E =a N+m ZE(]Qn]- E +;.’L‘k nj,k E
+aN+’"Dx+mZxkEnj,k<9>. (22)
a
k=1

By Lemma 1 the first term in the right-hand side of (22) is an integer, which is not zero due to (21).
Therefore, the absolute value of the integer is at least 1. This implies the inequality

i b
(2
k=1 a

By Lemmas 2 and 3, for |z| > 1 and all N sufficiently large, the following estimates are valid:

b
aN“”D%m‘an (5) ‘ ¢ >1-dVtmDR, .

aN+mD?+m < A- emNaN’

N —n 23
on(D]zmam () () zeme (W) T
a a a a

where A = e¢°N), B =¢°WN) and C = ¢°N) as N — .
Applying inequalities (23) we see that, for all N sufficiently large,

|b| N m a ng
emNaN . 2(m+2)N <;) |€| >1-— 6mNaN kamN <m> ) (24)
k=1
Recalling our choice of the numbers 7Ty, £k = 1,..., m, we obtain that, for all n; greater than

some number depending on a and b, the right-hand side of inequality (24) is greater then 1/2,
hence

|€| > 16_(m+(m+2) log 2)N|b|—N > C(fl . fm)_le_(m3+m2 logm)nla—N—m2nle—(m+(m+2) log 2)N
2

1 ==9

> ¢y (Ty - .fm)_l(cz’"QJ”"emaJﬂn2 log m+m?+m(m+2)log 2)_"1 > Con(T1- - Tn) LT 0,

where ¢, = cyx(a, b, m) and ¢ is defined in (2). The proof of the theorem is complete. [J
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