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ABSTRACT. We consider the series

— P(n)

S = A (n)7

2 Q0
where P(x),Q(x) are polynomials with algebraic coefficients satisfying
some symmetry conditions, f is a number theoretic periodic function
taking algebraic values, and all the roots of the polynomial Q(z) lie
in a fixed imaginary quadratic field. Summing the series S explicitly
and applying famous Nesterenko’s result on algebraic independence of
the numbers , e™4 we show that the infinite sum S either has a com-
putable algebraic value or is transcendental. Similar assertions for cer-
tain trigonometric series are obtained. For more general set of roots of

the polynomial Q(z) we give some statements on the transcendence of
the sum S provided that the Schanuel conjecture holds.

1. INTRODUCTION

1. We begin with some notations and definitions. Let d be a positive
square-free integer. We denote by Z, Q, Q, and @(2\/3) the set of integers,
the field of rational numbers, the field of algebraic numbers, and an imagi-
nary quadratic field, respectively.

We will use the polygamma function

X dF dF+1
which has the following series expansion (see [2], §1.16):
= 1
(B) () — (_1\k+1 v 1
(1) w (2)_< 1) kl;(n—i—Z)k—’—l’ Z%Ou 17 27"'7

and the logarithmic derivative of I'(2)

d =~/ 1 1
= —logl'(z) = — — -1,-2,...
6= et =1+ 3 (=) 2AOL 2

which denotes the digamma function. Obviously, (1) = —~, where 7 is

Euler’s constant. The function ¢¥®(2), k = 0,1,2,..., is single valued
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and analytic in the whole complex plane except for the points z = —m,
m = 0,1,2,..., where it possesses poles of order (k + 1). The polygamma
function satisfies many functional relations [2, §1.16] such as

“recurrence formula”:

—1)*k!
2) YO+ 1) = () + TR
“reflection formula”:
dk
) Y1 = 2) + (~)F 0 () = (1) cotmz,
z
“multiplication formula”:
m—1

1 r
(k) (k) _
W (mz)—élogm—l—mkle E Y (z—i—m),
r=0

where 0 =1iftk=0and 6 =0if £ > 0.
We also introduce its alternating analog (see [2, §1.16])

(4) ¢®(z) = (_1)kk!i (n(;?);l _ 2k1+1 <¢(k)<z 42r 1) B ¢(k)<§>> :

which satisfies the similar functional relations

—1)"k!
(5) g(’“>(z+1):(zk)+1 —gW(), k=12,

(©) g(z) + (1) g1 = 2) = i (),

dzF \sinmz
Obviously by (1) and (4), we have that the numbers ®)(1)/¢(k + 1),
g™ (1)/¢(k + 1), v®(1/2)/¢(k + 1) are rational (here ((s) = > oo, L is

the Riemann zeta function) and therefore from (2), (5) we get the following

inclusions:

(1) 9% D(m), g D(m), ¥V (m ) €@ ¥ 1+Q meN.

2. In the paper, we consider the values of the series
—~ P(n) L), — P(n)
8 S = — T = —(—1 U= —

where P(z), Q(x) € Q[x] and f is a periodic number theoretic function, and
express them as linear combinations of values of the polygamma functions
(see Lemmas 1-2 below). Such a representation allows one to give simple
sufficient conditions for the numbers S, T to be algebraic or transcendental
that is done in section 2. Further, we assume that all the zeros of Q(z) are in
the imaginary quadratic field Q(iv/d) and the polynomials P(x), Q(z) pos-
sess some symmetry properties. By formulas (3), (6), summing the series
S,T,U explicitly and applying famous Nesterenko’s result [7] on algebraic

md

independence of the numbers 7, e we show that the infinite sums (8)
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either have a computable algebraic value or are transcendental. (By a com-
putable value, we mean a number which can be explicitly determined in
terms of its defining parameters.) Actually, we describe double approach
for computation of infinite sums (8) combining linear combinations of values
of the polygamma functions and contour integration. The latter one can be

applied to the trigonometric series

R Pi(n)e g Py(n)eiPen
PP Qn) ’

that enables us to prove that under certain conditions on the polynomials

517"'aﬁ8€@

n=—oo

Py, ..., P,,Q, the sum V is either zero or transcendental. As a consequence,
we establish the transcendence of some Fourier series (see section 4). In
section 5 we extend these results to a more general set of roots of the poly-
nomial Q(x) provided that the Schanuel conjecture holds. This generalizes
the well-known result of P. Bundschuh on the series > -, ﬁ, k> 2 (see
[3], [12, section 3.2]).

Special cases of the infinite sums (8) were considered by P. Bundschuh in
[3]. Using Baker’s theory on linear forms in logarithms, he proved that the
value of the series

F(Z):Z'Z%,

where {a,,}>°_; is a periodic sequence of algebraic numbers and z € Q N
(0,1), is either zero or transcendental. In particular, this yields the tran-
scendence of the numbers ¥ (2) + 7, ¥(z) — ¥ (z/2) for any z € Q \ Z, and
the series Y >, ((n)z", > °°, B(n)z" for any rational z with 0 < |z| < 1,
where 8(s) =3 1, % is the Dirichlet beta function.

The case when all the roots aq, ..., a,, of Q(z) are distinct rational num-
bers was considered in [1], where by Baker’s theory it was proved that each
of the numbers (8) is equal to a computable algebraic number or transcen-
dental. In particular, if Q(z) is a reduced polynomial, i.e., if aq, ..., a,, are

distinct rational numbers from [—1,0), then S, T, U and the series

2 Q(n) ’

are either zero or transcendental.

617"';656@

n=0

Let us notice that from work [1] it follows that for any rational numbers

aq, ..., ay, distinct from zero and negative integers and such that ay —a; ¢
Z,1 <k +#1<m, all the values
(9) w(al)a v 7w(am)

are transcendental except for at most one value of ay. (Compare it with [6,
theorem 3]). In fact, taking into account (2) we can assume without loss of
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generality that o, ..., a,, are distinct numbers from (0, 1] and then by [1,
theorem 3] we have for k # [

00 1 1 > o — =
Ylan) = Plaw) = Y <n+ak h n—i-al) =2 (n+ ap)(n + a) e

n=0 n=0

Therefore the set (9) cannot contain two algebraic numbers.
In 2001, G. Molteni [5] considered the generating power series for the
sequence {((2k + 1)}, which also can be written as a linear combination

of values of the digamma function
- 1 1
_ 2k __
F(E) = 30002k D= = =501 +2) = 50l =2) + ()

and proved that the numbers 1, F'(ay), ..., F(a,,) are linearly independent
over Q if all oy, = Z—: are distinct rational numbers from the interval (0, 1)
such that (ag, by) = 1 and for any k there exists an odd prime pj, dividing by,
and py 1 b; when j # k. An obvious corollary is that F'(a) is transcendental
for arbitrary a = a/b € (0,1) with b not a power of 2. Actually, this
restriction can be removed and F(«) is transcendental for any rational o

with 0 < |a| < 1 by [1, theorem 3], since

042

F(a):Z(n—l—l)(n—l—l-ira)(n"‘l_o‘)

n=0

and the last series does not vanish.

2. SuMs S,T,U AS LINEAR COMBINATIONS OF POLYGAMMA FUNCTIONS

Lemma 1. Let f : Z — Q be periodic with period ¢ € N. Suppose that
P(x),Q(x) € Qlr), deg P(x) < deg Q(x) — 1, and Q(z) = (z+an)' ... (z +
am)™, where Iy, ..., € N and oy, ...,y are distinct, and distinct from
zero and the negative integers. If deg P(x) = degQ(x) — 1, suppose also

that 3070 f(t) = 0 (convergence condition). Then the series

U:iin) (n)

n=0

converges and we have the following representation.:

1 m
_q k (_1)l Apy (1-1) t+ o
(10) U—;f(t);l:1 (1_1)!7wl 1 (T)
with

1 dlk—l P ra)
(11) At = G (Qg; @+ a’“)lk) Y
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Proof. Writing n in the formn=qgr+t, 1,t € 2, 0 <t <q—1,7 >0,
we get
> . Pgr +1) & = P(gr +t)
12 U = Flgr +1) J10) Ea Ay
R
Decomposing P(z)/ Q(m) into partial fractions, we have
!
PHW
o (@)
where the coefficients Ak,l are defined in (11) and Y ;- Ag; = 0 if
deg P(x) < deg Q(x) —
To prove (10), we first suppose that deg P(z) < deg Q(z) — 2. Then from
(12) we have

q—1 0o
P(gr +1)
U=)» flt :
202 Gl
where
m 1 m m 1
P(qr + 1) _ - Apy :Z Ak +Z : Ap,
Qlgr +1) == (g7 +t+ ap)’ qT i+ == (qT i+ a)
m m g
1 1 1 Ag
S SV AN T o o
e ) L ey
Therefore,

ZQZ::; ék:QAkJ <¢<t—|—qa1>_¢<t+qak>>
m Akl l1)<t+ak> i (

Ak%(l 1)<t+04k>7

k=1 =2 k=1 I=1 q
which yields (10) If deg P(z) = deg Q(z) — 1, then we find
Z QT + t) . ! f(t) i L Akl
Q qT—l—t) — i~ (qT A+ o)
q—1 m q—1 m
Akl Akl
=) _ft) + ) f(1)
P ;CIT-HH—O% — ;;(QT—H—FO@Z
m q—1 q—1 m
k,1 1 1 Ak;l
=) —= - t
; q — f()<7—+t+ak 7—_’_%) t:Of(>;l2 (q7+t+ak>l
Hence, by (12), we get
" Ak 1 . ( (673 t+ (675 ! m K (—1) Akl
U=) —=) ft)(v(—)—v YO e
= 4 ( q ) < q > t=0 k=1 1=2 (=1t ¢
_n/tta ik ol (—1) A t+a
S S o S
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as required. O
Let us mention two particular cases ¢ =1, f =1 and ¢ =2, f(n) = (—=1)"
of Lemma 1.

Lemma 2. Let P(z),Q(z) € Q[z], Q(z) = (z + 1) ... (v + o)™, where
li,....lm € N and aq,...,q,, are distinct, and distinct from zero and the

negative integers. Suppose that the series
. P(n) . P(n)
S = —, T = —(=1)"
; Q(n) 2 (n)

m g

S = Z Z (5:1i>!Ak’lw(ll)(ak>7 T — Z > (_i)l_)j 14]’€7lg(l,1)(0%)7

k=1 l=1

where the coefficients Ay, are defined in (11).

If Q(z) has only simple zeros, then Lemma 2 enables us to give simple
sufficient conditions for S, T to be algebraic or transcendental.

Corollary 1. Let P(z),Q(x) € Q[z], Q(z) = (v + 1) ... (x + am), where
ai, ..., Qpn are distinct, and distinct from zero and the negative integers,
and deg P(x) < degQ(x) — 2. If there is a subset L of {1,2,...,m} with
#L > 2, with j,k € L = a; —ay € Z, and with P(—oy) =0 forl ¢ L, then

—~ P(n)
g=N "\
2 Qi)
1s algebraic.

Proof. This statement easily follows from Lemma 2 and formula (2). O

Remark 0.1. In the case m = 3 and oy, ... a,, € Q, P(z), Q(x) € Q[x] the
conditions of Corollary 1 are necessary and sufficient for S to be rational
(see [9, Theorem 2]).

Corollary 2. Let P(z),Q(x) € Q[z], Q(z) = (v + 1) ... (x + au), where
ai, ..., Qpn are distinct, and distinct from zero and the negative integers,
and deg P(z) < degQ(z) — 1. If ax, — a1 =:nx € Z for all 1 < k <m and

. P(—ak)
13 —1)m ~0,
13) ;( ) Q' (—ou)
then
— P(n)
T=S" gy
2 g Y
is algebraic. (In particular, if all ny are even and deg P(z) < deg Q(x) — 2,
then condition (13) holds automatically).
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Proof. This statement easily follows from Lemma 2 and formula (5). O

Remark 0.2. In the case m = 2 and aq,...,a,, € Q, P(x),Q(x) € Q[x]
the conditions of Corollary 2 are necessary and sufficient for T" to be rational
(see [9, Theorem 1] and [10, Theorem 3]).

Corollary 3. Let P(z) € Qz], Q(z) = (x + ai1)...(z + ), where
ai, ..., Qpy are distinct rational numbers, distinct from zero and the neg-
ative integers, and deg P(x) =m — 1. If ay — oy € 27 for all 1 < k,1 < m,

then the sum

he)

(n)
(n)

n=0

(="

O

1s transcendental.

Proof. By Lemma 2 and formula (5) it follows that

N 1 1
T:A+a-g(a1):Bj:a-g(a):Bj:a-Z< - ),
—~ 2n+a 2n+a+1

where A, B € Q, a # 0 is the leading coefficient of the polynomial P(x) and
a=a; (mod 1), a € (0, 1]. Since the infinite sum in the latter expression of

T does not vanish, by [1, Theorem 3] we conclude that 7" is transcendental.
U

Lemma 3. For the k-th derivatives we have

)

1 \W x qr(cosTz)
=Tv . —"°
sin 7z ks

(a) (cotmz)® =7F . pp(cotmz), (b) (

where pi(2), qr(2) € Z[2], deg(pr(2) — (=1)*k1F1) <k, deg(qr(2) — (—2)")
<k-1

Proof. The proof is by induction on k. Obviously, for £ = 0 formulas
(a), (b) are valid with pg(z) = z and ¢o(z) = 1. Assuming (a), (b) to hold for
k, we will prove them for k£ + 1. We have

)(k—l—l) k

(cot mz = 7% (pr(cot m2)) = 7 priq(cot wz),

where ppi1(2) = —p(2) - (22 +1) = (=) E+ D)2 o 2P+ €
Z|z], and

( 1 )(kH) _ ok (qk(cosmz))/ _ k1 qr+1(cosmz)

sin 7z kt1 sin®* 2 7z

sin Tz

with gri1(2) = q4(2) - (22 = 1) = (k+ 1)z qu(2) = (=DM @b+ €
Z[z]. O
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3. MAIN RESULTS

Theorem 1. Let Py,..., P, Q1,...,Qs € Qlz], my,...,ms €N, 71,..., 74
€ Z satisfy the following conditions: for any 1 < j <'s, deg P; < deg@Q); —2,
Pi(=z) _ Pi(rj+ )

Qi(—z)  Q;(r; +x)

Q,(z) = km{(a: — )bk, where ajy = ajy + ibj,k\/a € Q(ivd) \ Ny,
k =1,...,2m;, are distinct and such that &,k = 15 — @k, bjx > 0,
Lo = lin €N, k=1,2,...,m;. Then the sum

S:;<%+...+%)

is either a computable algebraic number or transcendental. Moreover, S is

(14)

transcendental if at least one of the following conditions holds:

(i) ;e ¢ Q\Z,j=1,...,s5, k= .,2m;, and ZZres (2)

=1 k=1 O‘]’“QJ 2)
o K EL
(19) bjo ko = min{bjy : bjx, > 0} is a unique minimum of the positive num-

z
bers b;r and  res 4;) #0,
’ 2=0jq ko Qjo (2

(i19) there exists a unique maximum lj, i, of the sequence l;r, 1 < j <s,

1<Ek< m;, and bjo,ko >0, Pjo(ajmko) 7£ 0.

Proof. By Lemma 2, we have

s o) s 2m; l
(n)
S:ZZ n sz wl 1( aj,k)a
j=1 i j=1 k=1 I=1

where

1 d \br=l [ P;i(x) _ _
15 A = | — J— — . l],k .
09 A= (@) (G o) e, O
From (14), (15) for 1 < k < m; it follows that

1 d \lx=t [ Pi(r; —x) .
A, :—<_> S\ T o Yk
PR (U — D! \da (Qj(rj — ) (2 =7 + i)

T=Tj—Qj5 &k

—1)! d \ L=l pj .
- <z;,k i)w! <d_y) (@jg Va5 )

with y = r; — x. Therefore,

Y=ok

LA (50 (ag0) + (-0 e =)
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Now if for some pair (j, k) we have —a;; and o, — r; € N, then by (2),

(7), we get
s my s mj I Akl
S = Co+ZZZCM+ZZZ P (9 e+ 1)
j=1 k=1 I=1 j=1 k=1 I=1
a;j KEL leven aj k¢Z

+ (=1 (=),

where Cy, Cjx; € Q. Combining this with (3) and Lemma 3 we conclude
that

(16)
S my S mj l
] k,l

S=Cy+ E E E C]klﬂ' + E E E l— 1 — 0, 7 'pl—l(_COtﬂ'Q{j?k),

j=1 k=1 I=1 j=1 k=1 I=1

a;j KEZ leven j k¢Z
According to the formula

2777,(1] ko 627er Vd 27:€2ﬂiaj’k
cot(mar) =1 =—1—
( D k) e27ruzj,k _ €2ij,kf e27rbj,k\/a _ 627riaj,k

we get that S — Cy € Q(, eﬂT@), where B € N is the least common denom-
inator of the numbers b, 5, and therefore, S — Cj is either zero or transcen-
dental in view of the algebraic independence of 7 and ™ [7].

If we suppose that S is algebraic and condition () holds, then considering

the summands in (16) involving 7 to the first power we get

K] mj
—WZ ZA]-JM cot T+ m(...) =0

j=1 k=1
o k¢
or
2mia; g
Ajpae™ 2
mE EA +2m§ E +7(...) =0.
J:k1 27rb] wVd _ 27ria]-,k ( )
j=1 k=1 j=1 k=1
b] >0 b] >0

Now multiplying both sides of the last equality by

(17) ﬁ ]f[(e%rbj,k\/a o 627ria]-,k)lj7k

j=1k=1
bj7k>0
we get a contradiction with the algebraic independence of m and emVd
If (i7) is valid and S is algebraic, then (16) can be rewritten as

27‘('@'0,]"]9

(18) nCh + QWZZ Z oy if/le “amiagy +72(...) =0.

j=1 k=1
bj >0
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If C} # 0, then it is impossible by the same argument as above. If C; = 0,
then multiplying both sides of (18) by (17) we get

2 Ay g €7 000 PO b0k VA 1,

which is impossible, therefore, S is transcendental.

If condition (iii) holds, then the summands with the maximal power of
7 in (16) have the form

A; kol
1 J0,K05t5g,k

(19) h0.k0 <im . pljo,ko—l(_ cot Wajo,ko) + Cj07k07lj0,k0)’
where Ajo ko 10 50 Clokorig vy € Qand Ajo kodjoxy 7 0Dy (15). Since cot way, k,
is transcendental, the term (19) doesn’t vanish in (16) and hence, S is tran-
scendental. This completes the proof of the theorem. O

Remark 1.1. If under the assumptions of Theorem 1 we have ry = ... =

rs = —1, then S is either zero or transcendental.

Corollary 4. Ifa,b € Z, 4b > a®, m € N, then the sum
. P(n)
— (n* +an +b)™

n

is transcendental for any polynomial P(x) € Q[z] such that deg P(z) <

2m — 2 and P(—z) = P(x — a). In particular, the sum of the series

i (n? +an + c)*
“—~ (n* +an + b)™

1s transcendental for any c,k € Z, 0 < k < m.

Theorem 2. Let Pi,...,P,, Q1,...,Q, € Qz], m1,...,mg €N, 11,... 74
€ Z satisfy the following conditions: for any1 < j <'s, deg P; < degQ;—1,

Qj(—z) Q;i(r; + )
Q,(x) = ig(a: — a; )b, where o = ajp + ibjV/d € Q(ivd) \ Ny,
k =1,...,2m;, are distinct and such that &,k = 75 — g, bjx > 0,

Limjvk =l €N, k=1,2,...,m;. Then the sum

=/ Pi(n) Pn)\,
r= ,;(Ql(n) +t ) D

15 either a computable algebraic number or transcendental. Moreover, T s

transcendental if at least one of the following conditions holds:
(1) bjgke :=min{b;; : bj, > 0} is a unique minimum of the positive num-

) Pjo(z)
bers bj, and ZI;%S;O,kOQjo(Z) # 0,

(17) there exists a unique mazimum l;, x, of the sequence lj;, 1 <j <s,
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1<k< myj, and bjo,k’o >0, Pjo(ajmko) 7é 0.

Proof. From Lemma 2 it follows that

s 2my 1
re 33 S =33 S o)
j=1 n=0 =1 k=1 I=1

where the coefficients A, ; are defined in (15). According to (15) and (20)
for 1 <k < mj; we have Aj,,, 411 = (—1)rtt. Aj k- Then

Now if for some pair (j, k) we have —a;; and o, —7; € N, then by (5),

(7), we get
m; mj 1y
RS 3 W ICITEES 3) 3p pr- TN (ISHETE
j=1 k=1 I=1 j=1 k=1 I=1
a;j kEL leven N7/

+ g(lfl)(oz];k + 1)),

where Cy, Cj 1 € Q. Hence, by (6) and Lemma 3, we have

S my l

. qi—1(cosma; i)

o) TGt S I e - S5 S  atoe
=1 k=1 =1 ]1klll l_l sin’ (v )
a;j KEZ leven aj ¢z

and according to Euler’s formulas for cos and sin we conclude that either
T = Cy or T is transcendental.
If T is algebraic and condition (7) holds, then we rewrite (21) as

jkl 2 .
wCh + WZ Zsm oy TG =0,

b] k>0

from which by the same argument as in the proof of Theorem 1 (ii) and

formula
1 Qieiﬂ-aj*keﬂ-bj’k\/g

sin(moy i) e2mbjpVd _ p2miajk
we get a contradiction.

If condition (#7) is valid and T is algebraic, then from (21) we have

A; (cos T iy )
. Jo,k0,l; k qi; ko~ 1 Jo,ko
nljo,ko <Oj0,k’0,l' - 0.0 20-70 + I O;

70-ko (ljo,ko - 1)' sin'o-ko (ﬂ—o‘jo,ko)

where Aj, ko1, 5, 7 0 by (15). Now applying Lemma 3 we easily see that
the term containing 7 to the maximal power doesn’t vanish and we get a
contradiction with the algebraic independence of 7 and e™4 This completes
the proof. O
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Remark 2.1. If under the assumptions of Theorem 2 we have ry = ... =
re = —1, then T is either zero or transcendental.

Remark 2.2. We note that there are alternative proofs of formulas (16),
(21) based on application of the residue theorem to the complex integrals

1 L Py(2) 1 )
oy L (; Qj(z)> (71' cot 7TZ> dz and 7 L (; Qj(Z)> p—— dz,

where Ly is a square contour with the vertices (N +1/2)(£1+17). (See also
[3, Theorem 2]).

Corollary 5. Let a,b € Z, 4b > a®, and m € N. Then for any polynomial
P(z) € Q[z] such that deg P(x) < 2m, P(—x) = (=1)?P(x — a), the sum

= (1) P(n)
Z; (n?+an+b)™

n=

is transcendental. In particular, if k € 7,0 < k < 2m, and the numbers k, a

have the same parity, then the sum

Oo—ln'n—l—%k
P UES ),

“ (n* +an +b)™

n=

s transcendental.

Theorem 3. Let f : Z — Q be periodic with period ¢ € N. Suppose that
r€Z, ml,... I, €N, Px),Qx) € Q[z],

P(— P
(22) (=2) _ iM)

Q—z)  Qlz+gqr)
Q(z) = (x — o) - [I7,(x — on), where ag = qr/2, ar = aj, + ibpVd €
Q(iVd)\N, k=1,...,2m, are distinct, amir, = qr — A, by = L, b > 0,

k=1,...,m, and f is an even or odd function according to whether we

have the sign “plus” or “minus” in (22). Suppose further that the series
.~ P(n)
U=) ——fn)
2 Qi)
converges. Then U 1is either a computable algebraic number or transcenden-

tal. Moreover, U is transcendental if at least one of the following conditions
holds:

(1) P(gqr/2)=0 and E E f(t)- res P(z) # 0,
t=1 k=1 = Q(2)
t—ar¢qZ

(1) P(qr/2) =0, b, := min{by > 0} is a unique minimum of the positive
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numbers by,  res P(z) 75 0 and Z f(t)e™

zak

qg—1 m

Z/LZ - res ( )
Zkzz:f z=ay, () z)

Zf cot< {2}) and

t¢q/2

wlﬁ wlﬁ

t

<~o~

(qr/2) 0, where {x} denotes the fractional part of .
Proof. By Lemma 1, using the following partial fraction expansion:

2m
=22 1 Rt 2o
(r—ap)  x—%’

k=1 I=1

where the coefficients Ay, are defined in (11) with ay replaced by —ay and

Apq = %, we have

l1)<t Ozk> AOlZf <___>

By (22), for 1 < k < m, 1 <[ < i, it easily follows that A, x; =
(1) A,
To prove the theorem, we first assume that P(qr/2) = 0. Then taking
into account that f(t) = £f(—t) and f is a g-periodic function we have

g % (1/,(11) <t _qak) (Y (1 e _qak)) ;

where A = —f(q) - ]g: Z:: (3), (7) and Lemma 3 we get

U= CO*ZiZCtkl”l_iiz UL (COt(M)>

t=1 k=1 (=2 t=1 k=1 [=1 q
t—ap€ql t—ap¢qZ

with Cy, Ci € Q, from which it follows that U is either equal to Cy € Q
or transcendental. If condition (i) or (¢7) holds, then arguing as in the proof
of Theorem 1 (i), (i7) we get that U is transcendental.

If P(gr/2) # 0, then P(—xz) = P(z + ¢r) and thus f is an odd function
by the hypothesis. Arguing as above we deduce that Ay, = (—1)"71Agy,
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1<k<m,1<I[<I, and

q—1
U= Zf(t) —1) ‘% (¢(1—1) (%) i (_1)%(1_1)(1 .
t=1 k=1 I=1

o) S m-9-0--)

As it is easily seen if ¢ is even, then f(¢/2) = 0 and we may assume that
t # q/2 in the last sum. Now by (2), for a positive integer ¢t < ¢—1, ¢ # q/2,
we have

o -en(p E]). ot enli-t 3ol

where C,C' € Q and [z] denotes the integer part of z. Now by (3), (23) and

Lemma 3 we get

m

(24)
lm lm Aklﬂ'f W(t—(l/k)
U=+ ZZCtkﬂT - ZZ pl 1 cot(—)
t=1 k=1 [=2 t=1 k=1 [=1 q
t—apEqQZ t—o EqZ

AOIWZf cot(q —|—7T{;})

with C1, Cyi, € Q and therefore, U is either equal to C; or transcendental.
If r =0, ie., if P(z) and Q(z) are even and odd polynomials respectively,
then C; = 0 and hence U is either zero or transcendental. If condition (ii7)
is valid, then the coefficient of = does not vanish in (24) and we conclude
that U is transcendental. This completes the proof of the theorem. U

Remark 3.1. If under the assumptions of Theorem 3 we have r = 0, then
cither U = —f(q) - S, STk, A’” or U is transcendental.

Theorem 4. Let k € N, r € Z, qr/2 ¢ N, P(z) € Q[z] and P(—x2) =
+P(x +qr). Let f : Z — Q be an even or odd periodic function with period
q € N depending on whether k and deg P(x) have the same parity or not.
Suppose further that the series

converges. Then the sum U 1is either a computable algebraic number or tran-

scendental. In particular, if r = 0, then U is either zero or transcendental.



INFINITE SUMS AS LINEAR COMBINATIONS OF POLYGAMMA FUNCTIONS 15

Proof. For the rational function P(z)/(x — qr/2)* we have the following

partial fraction expansion:

[degP]
— 5= 5 with A; = —'P (—)
B & B EEDEERE

and ¢ equal 0 or 1 according to whether P(—z) = P(z + gqr) or P(—x) =
—P(x 4 qr). Then by Lemma 1, we get

[dch]

o (—1)k_5_1 A, (k—6-21—1) t r
U=2 0 2 (k—5—2l—1)!qk—5—2lwk o <5_§>'

t=1 =0

Note that if & and deg P have the same (distinct) parity, then k& — § is even
(odd) and f is an even (odd) function by the hypothesis. Thus we have

f(t) = (=1)"°f(g—1) and

a [%57] k—6—1
2U = ; lz:; ( 1)(k; - 5f£t)2l _fl(gll t) qkfsl—ﬂw(k_é_%_l) (2 _ g)
or
o — q—1 [deg P (_1)1@75—1 A (o521 1) PR
(25) B tz:; 1) P (k—0—20—1) g2 (@Z’ (5 - 5)
T (e ) R
where
(26)

~ [degp} _1\k—0-1 r
0 = () + (0500 Y gyt (1- ).

=0

It can be easily seen that U = 0 if f is an odd function; if f is even, then
k — ¢ is even and by formulas (7) we have that

(45 L]

(27) U=C+ Y Cr*?
1=0
with algebraic coefficients C, C;. From (23), (3), (7) and Lemma 3 it follows
that
t r t r
(k—s—20-1) (L _ T _\k=bk—s—21-1) (1 _ L T k—5—21
(28) ¢ (;-3) 0w (1---3) o va

Finally, by (25)-(28), we find
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with C,C, € Q and therefore, either U is equal to C or U ¢ Q. If r =0,
then from (25), (26) it easily follows that U is either zero or transcendental.
This completes the proof of the theorem. O

The special case of Theorem 4 for the number U = L(k, x) = > ., %,
where y is an even (odd) Dirichlet character, was proved in [10, §6].

Now consider several applications of Theorem 3 which gives us means to
construct new examples of transcendental numbers. If in Theorem 3 we put
f(n) = x(n), where x(n) is a Dirichlet character mod ¢, then the Gauss

SuIn

—2mik

T(x) =Y x(k)e s

is never zero when x is a primitive character (see [4, Ch. 8]). Namely, we
have that |7(x)| = ,/g. This gives us the following.

Corollary 6. Let ¢ > 1 be an integer and x be a primitive character
mod q. Suppose that P(x) € Q[z], P(—x) = +P(x +qr), Q(z) = [}, (z —
ap) for some m,ly, ..., lo, € N v € Z, where oy, = ay, +ibeVd € Q(Z\/c_l)\
N, £ =1,...,2m, are distinct numbers such that amym.r = qr — ag, b > 0,
Ik = ey, k=1,2,...,m, and x is an even (odd) character if deg P is even
(odd). If by, := min{by > 0} is a unique minimum of the positive numbers

P(jg # 0, then the sum

by and res
k e=ag O

%X(”)

1s transcendental.

Corollary 7. Let g > 1 be a square-free integer, ¢ = 1 (mod 4), and (%)

denote Jacobi’s symbol. Then

where P(x) € Q[z], P(—x) = P(z + qr) and Q(x) is as in Corollary 6. In
particular, the sum

i (3)
2 m
“—~ (n*+qrn+0b)
is transcendental for any m € N, b,r € Z such that ¢*r? < 4b.

Corollary 8. Let g > 1 be a square-free integer, ¢ = 3 (mod 4), and (%)
denote Jacobi’s symbol. Then

;%(9) 4T,

q
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where P(z) € Q[z], P(—z) = —P(z+qr) and Q(x) is as in Corollary 6. In
particular, the sum

= /n\ (n+ L)rm-t
; (E) (n? + q72“n +b)m

is transcendental for any m € N, b,r € Z such that ¢*r? < 4b.

If x¢ is the principal character mod ¢, then

q q
_ 2mik
ZXO(”) = ¢(q), 7(Xo0) = Z e« =upu(q),
n=1 k=1
(k7Q):1

where ¢ and p are the Euler and Mobius functions, respectively (see [11,
Ch. 3]) and we have

Corollary 9. If ¢ > 1 is a square-free integer and xo s the principal char-
acter mod g, then the sum

n)

i

)
n=1

is transcendental, where P(x) € Q[z], P(—x) = P(x + qr) and the polyno-
mial Q(x) is as in Corollary 6. In particular, the sum of the series

o0

Xo(n)
Z (n?2+qrn+b)™

n=1

is transcendental for any m € N, b,r € Z such that ¢*r* < 4b.

Corollary 10. Let ¢ > 1 be an integer and xo the principal character
mod q. Suppose that P(x),Q(x) € Q[z], P(—z) = P(x + qr) and Q(z) =
Zzl(x— o) for some m,ly,. .., loym € N, 7 € Z, where oy, = ay +ibp/d €
QivVd)\ Q, k =1,...,2m, are distinct and such that Qjim = o, by > 0,

botm =l k=1,2,...,m. If Y ;" res gg; # 0, then the sum
z=qy

P
;Q(R)XO( )

s transcendental.

Corollary 11. Let f : Z — Q be odd, periodic with period ¢ € N. Then the

sum
i P(n)f(n)
— n(n? 4 b)m
is either zero or transcendental for any m,b € N and any even polynomial
P(z) with deg P < 2m.
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4. TRANSCENDENCE OF TRIGONOMETRIC SERIES

Theorem 5. Suppose that (3, ..., [3s € [0,2) are distinct rational numbers,

Q(x), Py(z), ..., Pi(x) € Qlz], Q@) = (z — )" ... (x — )™, where

ar, ... am € QVA)\Z are distinct, 1y, ..., 1, €N, h(n) = 3. Pj(n)e™m,
j=1

and for 1 <j<s

deg Q(x) — 1 if B >0,

deg Pj(z) < {deg Q(r) —2 if  B;=0,.

Then the sum
—+oco
h(n)
V= —
2 oW
1s either zero or transcendental.

Proof. We consider the complex integral
1 h=(2) T

T 2mi Ly Q%) “sinwz

In

where h™(2) = > °_, P;(2)e™%i=D2 Ly is a square contour with the vertices
(N +1/2)(£1 £1i), and N is a large positive integer such that aq, ..., a,
are inside Ly. For z = £(N +1/2) +iy, y € [-N — 1/2, N 4+ 1/2] we have

12
‘sin 71'2" e e
and therefore,
(29)
‘]Dj(z)eiﬂ(ﬂj_l)z _ 2|P;(2)] <9 |25 (2)] ol min{8;.2-5;)
Q)sinmz | |g;(z)] (emiw + exs=2w) —1@5(2) '

If 5; = 0, then from (29) it follows
(30)

‘ 1 / Pj(z)eiw(ﬁj_l)z T

2mi z=(N+3)+iy Q(2) sin 7z

~N—3<y<N+3
If 0 < B; < 2, then (29) implies
‘ 1 / F’J.(z)eiw(ﬁj_l)z T

270 ) et (V4 L) iy Q(z) sin 7z -

(31) ~N—3<ysN+3
< O<l> ./N+é e~ mlylmin{B;.2=6;} g, — O(i)
=U\N e y=0l%)
If z=2+i(N+1/2),z€[-N—-1/2,N +1/2], then
1 ’ B 2
em(N+3) _ o=m(N+3)

dz

sin Tz
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and
pj(z)eiw(ﬂj—l)z 2|Pj(2)] ew\ﬁj71|(N+%)
Q(z)sinmz 1Q(2)] emT(N+3) _ p—m(N+3)
32 O(%) if 3, = 0,

Therefore, by (30)-(32), we conclude that Iy = O(N~!) as N — co. On
the other hand, by the residue theorem we have

Iy — ffes (Zg((;)) sinﬁwz) - kﬁ: 2=k <hQ(<ZZ)) sinwm) > %

k=1

Now letting N tend to infinity we get

i m-h (2 A “(2) - (2 — ag)tk\ 1)
V= _;ﬁik(#&ﬁ;z) - Z(lk — 1! (h (C;(z)(sinwz) )

k=1

3
z=qy,

which implies that V € Q(r, eﬂng) for some B € N and hence, either V =0

or V¢ Q. O

Corollary 12. If in addition to the assumptions of Theorem 5, Q(x) is an
even polynomaial, then the sum

=~ h(n) + h(—n)
W= A M)
2w
is either h(0)/Q(0) or transcendental.

Corollary 13. Suppose that (1,2 € (0,1) U (1,2) are rational numbers,
Q(z), Pi(x), Po(x) € Q[a] such that P,(x),Q(x) are even polynomials, Py(x)
is an odd polynomial, deg Pj(z) < degQ(x) — 1, j = 1,2, and all roots of
the polynomial Q(x) belong to Q(iv/d) \ Z. Then the trigonometric series

_ Pi(0) = Pi(n)cos(mBin) 4+ Pa(n) sin(wfan)
2Q(0) 2 Q(n)

1s either zero or transcendental.

n=1

Proof. We define

) — { BRI = Py, it O # B
n) =191 infin | i im(2=fm =
2P1(n)6 + 2P2(n)e , it 01 =0

and consider the sum

o0

Z h(n) 4+ h(—n) h(0)  P(0) +i1 Pi(n) cos(mfin) + Py(n) sin(mfBan)

Qin)  Q0)  2Q(0) Q(n) ’

which, by Corollary 12 is either zero or transcendental. U

n=0
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5. SCHANUEL’S CONJECTURE AND INFINITE SUMS

For more general set of roots of the polynomials Q;(x), when not all
Qi k, in Q(i\/c_i), we give some statements on the transcendence of the sums
S,T,U,V provided that the Schanuel conjecture holds (see [12, §3.1], [8,
§10.7.G]).

Conjecture (Schanuel) (S). If ai,...,«a, € C are linearly independent
over Q, then the transcendence degree over Q of the field Q(ay, ..., oy,
e ..., e*) is at least n.

We formulate the following propositions, which are consequences of (S) :
Conjecture (S;). Let Pi,..., P, Q1,...,Qs € Q[z], r1,...,7s € Z and
for any 1 < j < s the polynomials P;,Q); satisfy the following conditions:
deg P; <degQ; —2, Q;(r;/2) #0, Q;(n) #0, n=0,1,2,..., and

Py(=z) _ Pylr; +1)
Qj(—z)  Qi(r;+x)

5= 2 (o o)

15 either a computable algebraic number or transcendental.

Then the sum

Proof. Under the conditions stated above, we see that for 1 < j < s,
Q,(z) = imi (z—ajx)l*, where a;, are distinct algebraic numbers distinct
from non-negative integers and such that o, & = 7; =k, lm;4k = Lk €
N, k=1,2,...,m;. Therefore, from (16) we have

(33)
S mj s mj l

IS S D WS 3 3 i 1_1”“# proa(— cot mas),
j=1 k=1 [=1 j=1 k=1 I=1
a;jL€Z leven a;j K¢z

where Cj and all the coefficients Cj;, A, are algebraic numbers. From
(33) it follows that S is equal to Cy or transcendental by (S). Indeed, suppose
that S # Cy and S is algebraic. Assume that the numbers

1 oj o, QG &
(34) T 31 ;l :
where Ai,...,\; € N, are linearly independent over Q and all the other
roots a;, are Z-linear combinations of (34). Then the numbers
T IO, T,
PR YV
are also linearly independent over Q. Put
KoQ(D T T SR TR
A1 Al

TiQ i

— 7]'2 J1,k1 1k
=Ql—,e M ,...,e N ).



INFINITE SUMS AS LINEAR COMBINATIONS OF POLYGAMMA FUNCTIONS 21

Then by (9), it follows that tr deg(K : Q) =+ 1. From (33) we have that
S—Cye K.If S—Cy € Q)\ {0}, then there exists a non-zero polynomial
A(x) € Z[x] such that A(S — Cy) = 0. Hence tr deg(K : Q) < [ and the
contradiction obtained proves (5). O

Remark 5.1. If all a;;, € Q(iv/d), then (S;) is true by Theorem 1.

By a similar argument we have
Conjecture (Sy). Let Py,..., P, Q1,...,Qs € Q[z], r1,...,7s € Z and
for any 1 < j < s the polynomials P;,Q); satisfy the following conditions:
deg P; <degQ; — 1, Q;(r;/2) #0, Q;(n) # 0, n=0,1,2,..., and
P(=a) _ (e Bl o)
Q;i(—x) Q;(rj +x)

o ( Filn) Pi(n)
T = +...+=——=)(-1)"
;%(Ql(n) Qs(n)>( )
is either a computable algebraic number or transcendental.
Conjecture (S3). Let f : Z — Q be periodic with period ¢ € N. Suppose

that r € Z, P(x),Q(z) € Qlz], (Q'(ar/2))* + (Qar/2))* # 0, Q(n) # 0,
n=12...,

Then the sum

P(—z)  Plr+qr)
Q(=z) — Qz+gr)

and f 1s an even or odd function according to whether we have the sign

(35)

“plus” or “minus” in (35). Suppose further that the series
— P(n)
U= ——f(n
2 g™

converges. Then U 1is either a computable algebraic number or transcenden-
tal.

Conjecture (S4). Suppose that 3y, ..., s € [0,2) are distinct rational num-
bers, Q(x), Py(z), ..., Pi(x) € Qz], Q(n) # 0,n € Z, h(n) =" Pj(n)e"™hin
j=1

and for 1 < j <s, deg Pj(z) < degQ(z) —1if0< f; <2 an_d deg P;(z) <
deg Q(z) — 2 if B; = 0. Then the sum

X h(n
Y= X a

n=—0oo

s either zero or transcendental.
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